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EFFECTIVE DIVISORS ON BOTT-SAMELSON VARIETIES 


DAVE ANDERSON 


Abstract. We compute the cone of effective divisors on a Bott-Samelson 
variety corresponding to an arbitrary sequence of simple roots. The 
main tool is a general result concerning effective cones of certain B- 
equivariant P * 1 bundles. As an application, we compute the cone of ef¬ 
fective codimension-two cycles on Bott-Samelson varieties corresponding 
to reduced words. We also obtain an auxiliary result giving criteria for 
a Bott-Samelson variety to contain a dense B-orbit, and we construct 
desingularizations of intersections of Schubert varieties. An appendix 
exhibits an explicit divisor showing that any Bott-Samelson variety is 
log Fano. 


1. Introduction 

The cone of pseudoeffective divisors carries important information about 
a projective algebraic variety, and plays a key role in the minimal model 
program. Computing this cone explicitly, however, is quite difficult; there 
are few general methods for describing effective divisors. In general, the 
pseudoeffective cone may have infinitely many extremal rays; but even for log 
Fano varieties, where one knows the cone is finitely generated [4], describing 
a set of generators is a challenging task. 

One situation in which the answer is relatively simple is common in ap¬ 
plications to representation theory. Whenever a connected solvable group B 
acts on a nonsingular projective variety X, one knows the effective cone is 
generated by 5-invariant divisors: given a B-linearized line bundle £, apply 
the Lie-Kolchin theorem to H°(X,C) to find a nonzero semi-invariant sec¬ 
tion whenever C has nonzero sections; such a section defines a B-invariant 
divisor. Sumihiro’s theorem guarantees that any line bundle on X can be 
linearized, so this suffices to prove the claim. (See [31], and the refinement in 
[24, Proposition 2.4]. The same reasoning also applies to Q-factorial normal 
varieties.) In the case when B acts with a dense open orbit U whose comple¬ 
ment has codimension one, the irreducible components of X \ U are precisely 
the irreducible B-invariant divisors, so these generate Eff(X), possibly re¬ 
dundantly. Examples of this include toric varieties and flag varieties—and 
more generally, spherical varieties—as well as Schubert varieties and their 
Bott-Samelson desingularizations. 
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It is harder to make such general statements for varieties not having a 
group action with a dense orbit, but the computation of effective cones 
has become a subject of increasing activity in the last decade, especially in 
connection with birational geometry and Cox rings. To mention a few exam¬ 
ples (without pretending to give an exhaustive list), explicit computations 
have been done for some blowups of P” [7], some moduli spaces of ratio¬ 
nal pointed curves [19, 6], some Kontsevich spaces of stable maps [20, 8], 
Hilbert schemes of points and moduli spaces of sheaves on P 2 [22, 9], and 
some rational complexity-one T-varieties [21], The cone is also known for 
hyper-Kahler varieties, which include moduli of sheaves on K3 surfaces (see, 
e-g., [3, §12]). 

The main goal of this article is to describe the effective cones of divisors 
on Bott-Samelson varieties. These include desingularizations of Schubert va¬ 
rieties, but in general they do not admit solvable group actions with dense 
orbits (Remark 6.3). In contrast to many of the moduli space examples men¬ 
tioned in the previous paragraph, Bott-Samelson varieties form an infinite 
family of varieties whose effective cones are of unbounded dimension. The 
answer is not trivial, but these varieties are in many ways simpler than the 
spaces listed above, and their effective cones can be described concretely. 

In order to state the theorem we quickly review the setup; more can be 
found in §4. Consider a reductive (or Kac-Moody) group G with Borel sub¬ 
group B. For any sequence a = (aq,..., af) of simple roots and for i < d, 
write Wi = s ai *• • -*s ai for the Demazure product of the corresponding sim¬ 
ple reflections. The Bott-Samelson variety X(a) comes with B-equivariant 
maps pi : X(a) —>• G/B for 1 < i < d, and the image of each pi is the Schu¬ 
bert variety X(wi). (We will often write w = Wd and p = pd-) The variety 
X(a) also comes with d “standard” B-invariant divisors X\,...,Xd, and 
their classes form a basis for the Picard group (and Neron-Severi group). 

The sequence a is reduced if the Demazure product is equal to the ordinary 
product in the Weyl group; in this case, the map p: X(a) —> X(w) is 
birational, and X (a) has a dense B-orbit whose complement is the union of 
the standard divisors X t . As already pointed out, this means the effective 
cone of a Bott-Samelson variety X(a ) is generated by the standard divisors 
when a is reduced. In general, however, there are effective classes on X(a) 
not contained in the simplicial cone spanned by X \,..., Xd- 

Let X = X(a). For each i, there is a truncation map 7iq: A —> A(aq ,... ,a.i 
There is always a unique irreducible component of the B-invariant divi¬ 
sor p^ 1 X(wiS ai ) which projects surjectively onto X(a \,..., cq_i) via 7Tj_i. 
When Wi > Wi- 1 , this divisor is Xp when Wi = Wi- 1 , it is a distinct divisor 
T,i (Lemma 3.5). The latter case occurs for some i if and only if the word a 
is non-reduced. 

Theorem 1.1. The effective cone Eff(A) is generated by the standard di¬ 
visors X\,... ,Xd, together with the divisors H* for i such that Wi = Wi- 
Furthermore, each H* spans an extremal ray. 
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The generating set is not claimed to be minimal: when Wi = Wi- 1 , the 
divisor Xi may be redundant. In the simplest example, X = X(a, a) = 
P 1 x P 1 , the effective cone is generated by X\ and S 2 = X 2 — X\. We 
will give examples showing that the number of rays of Eff(A) can be larger 
than d = dim NS(X)^. This shows that the cones can be non-simplicial, 
but nonetheless they are not too complicated: the theorem implies a bound 
of 2d — 1 extremal rays. (This is close to sharp, since one can find Bott- 
Samelson varieties of dimension d whose effective cones have 2d —3 extremal 
rays; see Example 4.3.) 

Even when one is primarily interested in reduced words, non-reduced 
words appear naturally. The standard divisors Xi C X(a) are themselves 
isomorphic to Bott-Sanrelson varieties, and many of them correspond to 
non-reduced words; having control over their effective cones is useful for 
running inductive arguments. For instance, Theorem 1.1 gives a concrete 
way to compute the cone of effective cycles of codimension two in X(a), 
when a is reduced. 

Theorem 1.2. Suppose a is reduced, and let X\,... ,X d be the B-invariant 
divisors in X = X(a). Consider each Eff(W) as a subcone ofES d _ 2 (X) via 
the pushforward N d _ 2 (Xi) m -» N d _ 2 (X) R . Then Eff rf _ 2 (X) = Yh=i 
and the right-hand side is computed as in Theorem 1.1. (In particular, 
Effd_ 2 (X) is finitely generated.) 

The proof is immediate: any effective class in N d _ 2 (X) can be represented 
by an effective .B-invariant cycle (see Lemma 2.1), and any irreducible 11- 
invariant subvariety lies inside an irreducible B-invariant divisor. Since a 
is reduced, the only such divisors in X are the Xi, so a codimension-two 
subvariety of X is an effective divisor in Xi, to which Theorem 1.1 applies. 

Theorem 1.2 is of particular interest, since little is known about positivity 
for higher-codimension cycles. Compared to the nef and effective cones of 
divisors and curves, the higher-codimension analogues of these notions can 
exhibit pathological behavior. Debarre, Ein, Lazarsfeld, and Voisin exhib¬ 
ited examples of abelian varieties with nef classes which are not pseudoef¬ 
fective [10], and Ottern has recently found examples of this phenomenon 
on hyperkahler fourfolds [30]. These pathologies do not occur for four- 
dimensional Bott-Sanrelson varieties, though; in §5, a typical example is 
described in detail, with explicit generators for the nef and effective cones 
of 2-cycles. 

Non-reduced words also come up in several other contexts. When a is 
a reduced word for w, with corresponding desingularization ip: X(a) —> 
X(w), some components of the inverse image p~ l X(v), for v < vj, are 
Bott-Sanrelson varieties corresponding to non-reduced words. In a different 
direction, if a and (3 are two reduced words, then certain fibers of the map 
X(a,(3) —>• G/B give desingularizations of certain intersections of Schubert 
varieties; these varieties are nontrivial exactly when the concatenation (a, (3) 
is non-reduced (see §7). As another example, when G = SL 3 , Bott-Sanrelson 
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varieties for arbitrary sequences of roots are also certain configuration spaces 
for points and lines in the plane (see Remark 4.6). 

Theorem 1.1 is deduced as a direct consequence of a result which compares 
the pseudoeffective cones of Z{/3) and Z. where Z is any smooth variety with 
a R-equivariant map to G/B , and Z(/3 ) —> Z is a certain R-equivariant P 1 
bundle corresponding to a simple root f3 (Theorem 3.3). In §6 and §7, we give 
two supplemental results: one is a criterion for X(a) to have a dense R-orbit, 
and the other constructs a desingularization of the (often non-transverse) 
intersection X(u) fl w ■ X{v) of translated Schubert varieties. 

Acknowledgements. I thank Ana-Maria Castravet, Mihai Fulger, Emanuele 
Macri, Edward Richmond, Jenia Tevelev, and Jesper Funch Thomsen for 
helpful comments and conversations. 

2. Preliminaries and notation 

Fix an algebraically closed ground held. 

We refer to [26] for basic facts about groups and flag varieties. Through¬ 
out, G denotes a Kac-Moody group, with a fixed Borel subgroup B and 
maximal torus T. Let W = Nq(T)/T be the corresponding Weyl group, 
R = R + U R~ C t* the set of (positive and negative) roots, and S C R + the 
set of simple roots. The roots of B are R + . There is also an opposite Borel 
subgroup B~, whose roots are R~. 

Corresponding to each root a there is a coroot a v € t. For each simple 
root, there is also a fundamental weight w a , defined so that (w a , f3 w ) = 6 a ,p- 

For each a G S there is a simple reflection s a , and a minimal parabolic 
subgroup P a C G. generated by B and the roots of P a are R + U {—a}. 

We will fix representatives w G N(T ) for Weyl group elements w € IV. 
but the choice will never matter in this article. The length £(w) of a Weyl 
group element is the minimal number of simple reflections s a needed to write 
w. Such an expression is called reduced , as is the corresponding sequence of 
simple roots a. 

The Demazure product on W is defined by replacing the relation s a -s a = e 
with s a * s a = s a in the Coxeter presentation. Equivalently, for any w G W 
and any simple root a , define w-ks a to be the longer of ws Q or w. A sequence 
of simple roots is reduced if and only if the usual product s ai ■ ■ ■ s ae is equal 
to the Demazure product s ai * • • • * s ae . 

The flag variety is G/B , an (ind-)projective variety. It decomposes into 
Schubert cells X(w)° = BwB/B = A^ w \ whose closures are the Schubert 
varieties X(w) = BwB/B. The torus T acts on G/B by left multiplication, 
and the fixed points ( G/B) T are in bijection with the Weyl group. Abus¬ 
ing notation, we sometimes write w G G/B to indicate the T-fixed point 
corresponding to w G W, instead of writing ibB. 

For any w G W, we define 

B w = B fl wBw~ l and B w = B fl wB~w~ l , 
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and similarly 

U W = U n wUur 1 and U w = B n wCTuT 1 , 

where U and U~ are the unipotent radicals of B and B~, respectively. Then 
B w is the stabilizer (in B ) of the T-fixed point ibB £ G/B , and the map 
u i-a uwB defines a T-equivariant isomorphism U w — X(w)°. 

For each root a £ R, there is a root subgroup U a = G a - There is an 
isomorphism of algebraic varieties 

A^) 9 * Yl U a ^U w , 

a£R+r\w(R ~) 

given by multiplication (in any order). This is equivariant for the conjuga¬ 
tion action of T on both sides. 

The reader less familiar with Lie theory is invited to assume G = SL n , 
with B and T the subgroups of upper-triangular and diagonal matrices. The 
Weyl group is W = S n , the simple reflections are the adjacent transpositions, 
the simple roots are a* = e* — e l+ i, and the minimal parabolic P Qi consists 
of block upper-triangular matrices where an entry in position {i + l,i) can 
be nonzero. (Theorem 1.1 is already nontrivial for SL 3 .) 

Finally, we record a basic fact about invariant cycles. Let B be a con¬ 
nected solvable linear algebraic group acting on a smooth projective variety 
X. As mentioned in the introduction, ^-invariant divisors suffice to generate 
the cone of effective divisors. Substantially more is true. 

Lemma 2.1, Let X be a complete irreducible variety of dimension d, with 
an action of the connected solvable group B. Then for any 0 < i < d, the 
cone of effective classes in Ni(X) r is generated by classes of B-invariant 
i-cycles. 

This is a straightforward generalization of statements in [5, 15]. The idea in 
all cases is to apply Borel’s fixed point theorem to the Chow variety of X. 

3. Divisors on H-varieties 

In this section we will consider a complete nonsingular B-variety Z, to¬ 
gether with a Lbequivariant map ip: Z —» G/B , and compute the effective 
cone of certain P 1 -bundles on Z. 

Being a closed irreducible B-invariant subvariety of G/B , the image <p(Z) C 
G/B is a Schubert variety X(w). The following simple lemma will be useful. 

Lemma 3.1. Let ip: Z —* X(w) C G/B be as above. The fiber p^ 1 (w) is 
nonsingular. 

Proof. Let Z° = p~ l X(w)°. Since X(w)° is a principal homogeneous space 
for U w C B, and the map Z° —> X(w)° is equivariant, we have Z° = 
<^ _1 (rc) x X(w)°. The subset Z° is open in Z, so it is nonsingular; since 
X(w)° is also nonsingular, the claim follows. □ 
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We fix some notation. For any simple root (5, let Pp C G be the corre¬ 
sponding minimal parabolic subgroup, so there is a P 1 -bundle G/B -A G/Pp. 
Write 

£(/?) = G/B x G/Pp G/B 

for the fiber product. 

Define ir: Z(f3 ) -A Z to be the pullback of the P 1 -bundle £(/3) -A G/B. 
Thus there is a diagram 

Z(P) — m — G/B 

7T 

Z -- G/B. 


There is a canonical section of the projection £(/3) -A G/B , corresponding 
to the diagonal map G/B -a G/B x G/B. This induces a canonical section 
of n. We will write A C Z(ff) for the image of this section; it is a R-invariant 
divisor. 

Writing X(w,f3) for the restriction of 3£(/3) to X(w) C G/B, we also have 
a diagram 


( 1 ) 


Z{P) -i X(u>,/3) A X{w*sp) 


7r 


Z 




7T 




where w * sp is the Demazure product (equal to the longer of wsp or w). 
Let <p: Z(fi) -a X(w * sg) be the composition fio t/>. 

Restricting this basic diagram over X(w)° C X{w), we have 


Z° x E —► X(w)° x E A X(u>)° U X{wsp)° 

(2) 

Z° -- X(in)°, 

where L 1 = E WtWS/3 = P 1 is the curve connecting the T-fixed points w and wsp 
in G/B, and as already observed in the proof of Lemma 3.1, Z° = ip~ l X{w)° 
is isomorphic to X(w)° x 

These two diagrams will be used repeatedly in proving the main results. 
It will be helpful to describe (2) in more detail first. 

The isomorphism X(iu)° = X(w)° x E is given by 


[it • w,p\ i-a (■ uwB,wpB ), 

where u € U w gives a unique representative uibB for a point in X(w)°, and 
p € Pp. The map p°: X(w)° x£a X(i v)° U X(wsp)° C X(w * sp) sends 
(uwB,wpB) to uwpB. 
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The morphism p° can be described more precisely. Assume for the mo¬ 
ment that w > ws/ 3 , so w(—/3) £ R + . For u! £ U ws > 3 and u" £ U w tp\, there 
is an isomorphism 

m: X(ws/ 3 )° x U w ^_^ x E —» X{w)° x E 

defined by m(u'wspB,u",wspp'B) = {u'u"wB,{u")~ l wpB), where p = 
spp'. (This uses the facts that U w = U WS P x U w rp\ and that U w ty\ acts 
on E.) 

These morphisms fit into a commutative diagram 

X{w)° x E - X(w)° U X(wsp)° 

(3) m ~ ~ JP 

X{wsp)° x U w (_p) x E ——*- X(wsp)° x E , 

where q is the projection. It follows that p° is a (trivial) A 1 -bundle when 
w > wsp. Similar reasoning shows p° is an isomorphism when w < wsp. 

Finally, the action of B on X(w)° x E can be described as follows. Writing 
a point in X(w)° as uwB, for any b £ B, we can write b = u'b' where 
v! £ uU w u^ 1 and b' £ uByjU^ 1 . For y = wpB £ E, we have 

b ■ (■ uwB , y) = b ■ [u ■ w, p] 

= [bn ■ w,p\ 

= [u'u ■ w, u~ l b'up\ 

= ( u'uwB,wu~ l b'upB) 

= ( u'uwB,b"wpB ) 

= {u'u ■ w,b" ■ y), 

noting that u~ l b'u £ B w , and hence so is b" = wu~ 1 b'uw^ 1 . 

Lemma 3.2. Suppose wsp > w, let D C Z{/3) be a B-invariant effective 
divisor, and let D° = D n (Z° x E) be its restriction to diagram (2). Then 
the general fibers of the projection D° —> Z° do not contain wsg £ E. 

Proof. If the general fiber of D° —> Z° contains wsp, then D° must contain 
Z° x as an irreducible component. By the above calculation, a divisor 

in Z° x E of the form Z° X {y} is f?-invariant if and only if y is fixed by B w . 
When wsq > w, we have E Bw = {w} since in this case the root subgroup 
U u ym is contained in B w but not in B WS/3 . □ 

The standard 5-invariant divisor A C Z{f3) restricts to A° = Z° x {re}. 
When wsp < w, we have E Bw = {vjjWSg}, so we can define a second B- 
invariant divisor 


( 4 ) 


S = Z° x C Z{/3). 
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Using the 5-action, this can also be written as E = B ■ (</? —1 (xd) x {wsg}). 
The main theorem of this section says that the effective cone of Z{/3) is 
generated by that of Z , together with A and E (when the latter exists). 

Theorem 3.3. (i) Ifwsg > w, thenE&(Z(f3)) is generated by n*ES(Z) 

together with A. 

(ii) If wsp < w, then Eff (Z(/3)) is generated by 7r*Eff(Z) together with 
E and A. In this case E generates an extremal ray. 

Quite generally, if Z is a Q-factorial variety and it: Z' —> Z is a P 1 - 
bundle, then the Neron-Severi groups of Z and Z' are related by a natural 
short exact sequence 0 —>• NS(Z) — NS(Z') —>■ Z —>• 0, and the pullback 
7r*Eff (Z) is a facet of Eff (Z'). (A hber of n is a moving curve, and 7r*Eff(Z) 
lies in the orthogonal space to the class of a hber; in fact, the same argument 
applies to any hbration whose hber has Picard number one.) Bearing this in 
mind, Theorem 3.3 is an immediate consequence of the following proposition, 
together with Proposition 3.7. 

Proposition 3.4. Let D C Z(f3 ) be a B-invariant reduced and irreducible 
effective divisor. Then D is rationally equivalent to a A + 6E + tt*D' for 
a,b > 0 and some effective divisor D 1 C Z. 

Proof. Let A: G m , — > T be a one-parameter subgroup such that ( w(/3 ), A) > 
0, so the induced action of G m act on E hxes the points w and wsp, and 
has limf_).o t-y = wiory&E^ {w, wsg}. Extend this to an action of G m 
on Z° x E by letting G m act trivially on Z°. 

Define a family 

V* := {(t -x,t)\x <E D°} C (Z° X E) x G m , 

and let V be the (reduced) closure in Z((3) x A 1 . Letting G m act on A 1 by 
extending multiplication on itself, T> is a G m -invariant divisor in Z(f3 ) x A 1 . 
For each t G A 1 , write Dt for the hber of the projection p: T> —» A 1 ; there is 
a map 

ftt '■ Dt —>• Z, 

which is identihed with n: D ^ Z for t = 1. 

Let V° = V fl (Z° x E) x A 1 , so we have a projection p°: V° —> A 1 
with hbers Df = (p°) _1 (f), as well as maps irf: Df —> Z°. Note that Df = 
DtP\(Z° x E). The limit Dq is a G m -invariant divisor in Z° x E, and therefore 
a hber of 7r§ is either all of E, or else it is contained in {w, wsp} C E. 

We distinguish three cases for irreducible components of Dq. A compo¬ 
nent of Dq whose general hber is w € E must be equal to A. A component 
whose general hber is wsn € E must be equal to E. (By Lemma 3.2, the 
latter case occurs only if wsp < w.) The general hber of 7r§ cannot be all of 
E, so the third possibility is that the general hber is empty. A component of 
Dq which does not surject onto Z° maps into a S-invariant divisor of Z; and 
any component of D$ that is not in Dq must be contained in 7r -1 (Z \ Z° ), 
so such a component also maps into a B-invariant divisor of Z. It follows 



EFFECTIVE DIVISORS ON BOTT-SAMELSON VARIETIES 


9 


that Dq is supported on A+ £ + 7 t~ 1 D' for some B-invariant effective divisor 
D' C Z, with £ appearing only if wsp > w. 

The scheme T> is Cohen-Macaulay, since it is a divisor in the nonsingular 
variety Z((3) x A 1 , so equidimensionality of the fibers implies p is flat (e.g. 
by [18, Ex. III.10.9]). This proves the proposition. □ 

The divisor £ has a useful alternative characterization. In the top row of 
diagram (2), observe that the image of ip~ l {w) x under the composed 

map Z° x E —>• X{w)° x E —> X(w)° U X{wsp)° is the point wsp. By 
B-equivariance, when wsp < w, we see that p maps £ into the divisor 
X(wsp) C X(w). 

Lemma 3.5. If wsp < w, then £ is the unique irreducible component of 
tp~ 1 X(ivsp) C Z{/3) which is mapped birationally to Z by i r. Furthermore, 
the scheme (p~ 1 X(ws f 3 ) is generically reduced along £. 

Proof. Suppose 0 is an irreducible component of tp~ l X(wsp) mapping bira¬ 
tionally to Z. In the notation of the basic diagram (1), there are exactly two 
irreducible B-invariant divisors in X(w,/3 ) which are mapped birationally 
to X(w) by 7f, namely the standard divisor A ' = B ■ [w,e] and the orbit 
closure £' = B • [w 7 ,sg]. (For any point y other than e or sp, the orbit 
B • [vj, y] is dense in X(w,f3).) Since 0 is irreducible, we have 0 C ip -1 A' 
or 0 C '0 _1 £ / . Since W restricted to either A' or £ 7 is birational, we must 
have ip(Q) = A' or if(Q) = £', respectively. The former case cannot hold 
for 0 C ip~ 1 X(wsp), since p(A') = X{w). Therefore 0 C 1 /; _1 (£ , ). 

Now restrict to the basic diagram (2), and consider the dense open set 
V = B ■ [tc,s< 3 ] = X(w)° x {wsp} C £'. Since W is B-equivariant, its 
restriction to V is an isomorphism onto its image in X(w), which is the cell 
X(w)°. From the definition, we have C £. On the other hand, an 

open set of 0 must map onto V, so it follows that 0 = = £. 

To see that <p~ l X(wsp) is reduced along £, again restrict to the basic 
diagram (2). Recall that p °: X(w)° x E —> X(w)° U X(wsp)° is given by 
p°(uwB,wpB) = uwpB , and by the diagram (3), it is identified with the 
projection of a trivial A 1 -bundle. It follows that (p°)~ l X{wsp)° is reduced, 
and one checks that it is V = X(w)° x {ws^} of the previous paragraph. 
Since i/A 1 V = Z° x {res/?} is a dense open set in £, we are done. □ 

Proposition 3.4 shows that Eff(Z(/3)) is generated by 7 r*Eff(Z), A, and 
£ (when the latter exists). To complete the proof of Theorem 3.3, we must 
show £ is extremal when it exists. We need another simple lemma. 

Lemma 3.6. Let X be a normal variety, and let Y Cl be a prime (Weil) 
divisor, i.e., an irreducible subvariety of codimension one. Let f: X' —> X be 
a proper surjective map from a smooth variety X’, and write Y' = f~ x Y C X 
for the (scheme-theoretic) inverse image, a divisor in X’. Then f*Ox'(Y') = 
Ox(Y) as sheaves of Ox-'modules. In particular, this sheaf is torsion-free. 
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Proof. Write i : X sm X for the inclusion of the smooth locus, define 
notation by the cartesian diagram 


XL 



X' 


r 


X K 


i 


f 

X, 


and set Y sm = 7(1 I sm . Then 


f*O xl (Y') = UW)*O x >(Y') 

= L*flVYOx>{Y') 

= t*fUnOx sm (Y sm ) 

= i'*Ox sm (7 sm ) 

= O x (Y), 


as claimed. 


□ 


Proposition 3.7. Suppose wsp < w. Then the divisor E generates an 
extremal ray of Eff(Z(/3)). 

Proof. We know that Eff (Z(/3)) is generated by 7r*EfF(Z), A, and E. Since 
E maps birationally to Z, we also have E = A + n*D for some (unique) 
divisor D on Z. To prove the proposition, we will show D is not effective. 

By Lemma 3.5, we have p^ 1 X(ws/s) = E + 7 t*E for some effective divisor 
E C Z, so it suffices to show that the divisor 

D' = tp~ l X(wsp) - A 

is not effective. Let L = Oz(p)(D'), and consider the sequence 

0 —> C —> 0{fp~ l X(wsp)) -A- 0(<p- 1 X(wsp ))|a —t 0 

of sheaves on Z(/3). We claim that the induced homomorphism 

(5) tp^O(tp~ 1 X(wsg)) -t tp^(0(tp~ 1 X(ws / 3))\A) 

is an injection of sheaves on X(w). It follows that H°(C) = 0, so this suffices 
to prove the proposition. 

In fact, both sheaves in (5) are isomorphic to the divisorial sheaf Ox( w ){.X(wsp)). 
To see this, observe that tp s „((D(tp~ 1 X(ivs/ 3 )) |a) — (p*Oz(p~ 1 X(ws/ 3 )) and 
apply Lemma 3.6 to the morphisms tp: Z(ff) —> X(w) and ip: Z —>• X(w). 

The morphism (5) is nonzero—it is an isomorphism over the open set X(w )°— 
and a nonzero homomorphism of divisorial sheaves is injective (see, e.g., [25, 
Lemma 3.3]), so the claim is proved. □ 

Theorem 3.3 shows that the P 1 -bundles Z(j3) —> Z are special, in the 
sense that the effective cone of the total space is finitely generated over that 
of the base. In general one cannot hope for such simple behavior, even for 
T-equivariant bundles on nice varieties. 
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Example 3.8. Suppose X —> Y is a T-equivariant P 1 -bundle, with Y a 
complexity-one T-variety. Even if Eff(Y) is finitely generated, the cone 
Eff (X) need not be. Indeed, let Z be a 2-dimensional smooth toric variety 
corresponding to a fan with n > 11 rays, having a cone a spanned by rays 
Pi,P 2 such that p;$. ..., p n are contained in —a. Assume the ground field is 
uncountable, and let E be a rank 3 toric vector bundle on Z, chosen as in [17, 
Theorem 1.4] so that P(E) has non-polyhedral effective cone. Furthermore 
assume there is an exact sequence 

of toric vector bundles on Z, with L a line bundle and F of rank 2. (To see 
this can be arranged, start with any E as in [17] so that Eff(P(T)) is not 
finitely generated, and choose a T-invariant rational section a: Z —-> P(T). 
If <7 is regular, then it corresponds to such an L. Otherwise, blow up finitely 
many T-invariant points to resolve indeterminacy of <r, obtaining a new toric 
variety Z' —> Z; now replace Z with Z r , and E with its pullback to Z' .) 

The line bundle defines a section Z — > P(T); let S C P (E) be the image, 
let X = Bls'(P(T)), and let Y = P(T). The effective cone of X surjects 
onto that of P (E), so Eff(A) is not finitely generated. On the other hand, 
the map of vector bundles E —^ F on Z defines a P 1 -bundle X —> Y, and 
Y being the projectivization of a rank-two bundle on Z, Eff(Y) is finitely 
generated [23, 21, 16]. I thank J. Tevelev for suggesting this construction. 

4. BOTT-SAMELSON VARIETIES 

We briefly review basic facts about Bott-Samelson varieties. For more 
details, the articles by Demazure [11], Lauritzen and Thomsen [27], Magyar 
[28], and Willems [32] are recommended. 

Recall that for each simple root a, there is a minimal parabolic subgroup 
Pa ^ G. For a group T acting on Y on the right and Z on the left, the 
balanced quotient is defined as Y x r Z = (Y x Z)/(y ■ g,z) ~ (y,g ■ z ). 

Given a sequence a = (a\ ,..., a^) of simple roots, the corresponding 
Bott-Samelson variety is 

X(a ) = P ai x B P a2 x B ■ ■ ■ x B P a jB, 

where B acts on the parabolic subgroups by multiplication. Equivalently, 
X(a ) is the quotient of P ai x ■ ■ ■ x P ad by B d , via the action (p\,p2, ■ ■ ■ ,Pd) • 
(bi, ...,b d ) = (pibi,bi 1 p 2 b 2 , • • •, bj\p d b d ). 

Bott-Samelson varieties come with T-equivariant morphisms 

Pi : X(a) ^G/B 
[pi,...,p d \ HA-Pi ---piB 


^Ti- X(a) -A- X{ai,... ,ai) 
\Pl,---,Pd\ ^ \Pl,---,Pi\: 


and 
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both for 0 < i < d. The product of the ipf s defines an isomorphism 

(6) X(a) {eB} Xc/P ai G/B Xo/P a2 ''' X G/P ad G/B 

bi> - • • iPd] ^ (eB, piB, ... , Pi ■ ■■p d B ), 

embedding X(a) in the product ( G/B) d+1 . With respect to this isomor¬ 
phism, tpi is identified with the projection on the ith factor, and i r* is iden¬ 
tified with projection on the first i factors. 

To economize on subscripts, let (p = pd and it = Tid-i■ The projection 
7 r makes X = X(a) a P 1 -bundle over the smaller Bott-Samelson variety 
X(a i,... so X is a nonsingular projective variety of dimension d, 

and we have Pic(X) “ NS(X) = Z d . 

For 1 < i < d, there is a standard divisor X % C X, defined by requiring 
Pi = e. Evidently we have X* = X(ot \,..., Sj,..., a^). The union of the Xi 
form a normal crossings divisor, and the classes of the Xj form a basis for 
NS(X). 

Proof of Theorem 1.1. Using the isomorphism (6), an equivalent way to de¬ 
fine X(a) is by the following recursive procedure: start with X(0) = pt, 
with its .B-equivariant map embedding it as eB £ G/B. In general, take 
Z = X(aii,..., ad~i) G/B as in §3; then in notation of that section 
we have X(cki, ..., ct^-i, a^) = Z(ad). The divisor X^ is identified with 
the section A, and is E (if it exists). The theorem now follows from 
Theorem 3.3 and Lemma 3.5. □ 

Example 4.1. The simplest non-reduced word is (a, a) (for any simple root 
a, in any root system). As remarked in [27], one has X(a,a) = P 1 x P 1 , 
and the effective cone is not generated by X\ and X 2 . Writing the B-fixed 
point as 0 = eB £ P 1 = SL^/B, the divisor X\ is {0} x P 1 , and X 2 is the 
diagonal. The map ip is projection onto the second factor, so the divisor E 2 
is <^ - 1 (0) = P 1 x {0}. The theorem claims that these three divisors generate 
Eff(X(a, a)), and in fact X\ and E 2 suffice. 

For more interesting examples, we will need some facts about line bundles. 
Recall that any character A determines a line bundle on G/B by C\ = 
Gx b L\, where L\ is the one-dimensional representation of B with character 
A. A character induces line bundles on a Bott-Samelson variety X = X(a) 
by Oi( A) := p*C\- Equivalently, 

Of A) = (P ai x • • • x P ad ) x Bd L x ,i , 

where for z £ L Xj i, the action is by ( 61 ,... ,bd) ■ z = A {bi)z. 

For any simple root (5, the isomorphism Pp/B = P 1 identifies the line 
bundle C SpWp \p p/B with £> P i(l). Equipping Vp = H°(Pp/B, C Sp ^ p \ Pf3 / B ) 
with its natural B-action yields exact sequences of B-modules, 

0 —> L mp —>• V /3 —> L SpWp —>■ 0, 
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and of vector bundles on G/B 

0 —> -CtTTg —> V/3 —> 0, 

where Vp = G x B Vp. Pulling back by tpd, this induces a sequence on X, 

0 —> Odi'cup) <p*Vp —> Od(spzap) —> 0 . 

The Bott-Samelson variety X(a,/3) is then identified with the projective 
bundle P(<^Vg). The corresponding universal quotient bundle is obtained 
by dualizing the inclusion Od+i(wp) (p* ]+ x Vp , so we define Od+ i(l) = 

Od+i{—wp), and write Od+i(jn) for its tensor powers. 

The line bundles Oj(l) form a basis for PicX(a), for 1 < i < d, and a 
result of Lauritzen-Thomsen says that 0(mi,... ,md) := Oi(mi) <g> ■ ■ ■ <g> 
Od(rrid) is very ample (resp., globally generated) iff all rrii > 0 (resp., all 
rrii > 0) [27]. 1 It is useful to know a change-of-basis formula for passing to 
the X % basis of PicX(a). 


Lemma 4.2 (cf. [11, §4.2, Proposition 1]). For a character \, we have 

Oi(\) = O 

as line bundles on X(a), where the coefficients are 

T ij{ SiSi— 1 ' ' ' $j D j ) — ( A, S{Si—l • • • Sj-\-\QLj ). 


The main ingredient in the proof is the fact that Od( A) has degree — (A, a^) 
along the fiber of 7r: X(a i,..., ad) —> X(a±, ..., a^-i) (see [11, §2.5, Lemrne 
2 ])- 


Example 4.3. Consider G = SL 3 and the root system of type A 2 , with 
simple roots a and f3. The effective cone of X = X(a, (3, a, (3) is generated 
by 

X\ 1 x 2 , x 3 , x 4 , -X ! + x 3 + X A . 

Indeed, E 4 = X(s a sp). The Schubert divisor X(s a sp ) C SL 3 /B is 
a section of the line bundle £_ ro/3 . We compute the class of E by using 
Lemma 4.2 to expand tp*C- Wp = 0 4 {—wp) in the AQ basis, obtaining E 4 = 
—X\ + X 3 + X 4 . Since NS(X)k = K 4 , this gives an example of a non- 
simplicial effective cone. 

Extending this computation, for a with a.i = a for i odd and a* = fi for i 
even, one finds that both X,; and S,; span extremal rays of EffX(a) whenever 
i > 3, so if dim X (a) = d > 3, the effective cone has 2d — 3 extremal rays. 

Example 4.4. Continuing the notation of the previous example (in type 
A 2 ), consider X = X(a, /3,a,a). The effective cone is generated by 

X u X 2 , x :i , x 4 , X 1 -x 2 -x 3 + x 4 . 

^The conventions of [11] and [27] differ from ours: their simple roots are positive for 
an opposite Borel subgroup. 
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To see this, we first compute the expansion of (p*C- Wa in the Xj basis to 
obtain X\ — X 3 + X 4 . However, one checks that p^XlspSa) = X 2 U E 4 
(scheme-theoretically). Subtracting X 2 gives E 4 = X\ — X 2 — X 3 + X 4 . 

Example 4.5. Now consider G = Sp 4 , of type C 2 , with short root a and 
long root (3. (So (a,/3 v ) = —1 and (/3,a v ) = —2.) The effective cone of 
X(a, f3,a, f3,a, f3) is generated by 

*i, x 2 , X 3 , X4, x 5 , x 6 , 

-x, + X 3 + X 4 + X 5 , - 2 X 4 -X 2 + X 4 + 2 X 5 + x 6 . 

The last two generators are S 5 and Eg, which are computed by using 
Lemma 4.2 to expand 0$(—w a ) and Oq(— zap), respectively. 

Remark 4.6. The embedding ipo x ■ ■ ■ x X(a) c -* (G/B ) d+1 gives the 
Bott-Samelson variety a configuration space interpretation (cf. [28]). This 
is especially vivid in type A 2 : projectivizing the flags in SL 3 /B = Fl( 3), 
one has configurations of points and lines in P 2 . From this perspective, a 
general element of X(a, f3, a, f3) looks like 


o • > 


-V*. -t 


e -'Gt. 


where the first component is the standard flag eB. The R-invariant divisors 
Xj are the loci where the ith component agrees with the (i — l)st. The 
£>-invariant divisor E described in Example 4.3 is the locus where the last 
component is 



That is, the last line passes through the first (H-fixed) point. 


Remark 4.7. Every Bott-Samelson variety is log Fano (Theorem A.2), so by 
[4, Corollary 1.3.2], its Cox ring is finitely generated. However, Cox(X(a)) 
usually is not generated by the divisors Xj and Ej spanning Eff(X(a)). 

One already sees counterexamples in the reduced case. For instance, 
continuing the notation of the type A 2 examples, the variety X = X(a,f3 ) 
is isomorphic to the Hirzebruch surface Pi, a P 1 -bundle over P 1 . The divisor 
Xi is a fiber of this bundle. One can also realize X as the blowup of P 2 
in one point, with the divisor X 2 identified the exceptional divisor. We see 
that /i°(X, O(Xi)) = 2 and /i°(X, 0(X 2 )) = 1. On the other hand, X is 
a toric surface with four T-invariant divisors, so one knows its Cox ring is 
isomorphic to k[ti,t 2 ,t 3 ,t 4 ], which cannot be generated by H 0 (X,O(X 1 )) 
and H°(X,0(X 2 )). 


5. Example: nef and effective 2-cycles 

The cone of i-dimensional pseudoeffective classes on a smooth projective 
d-dimensional variety X is the closed convex cone Effj(X) C JVj(X )]r gener¬ 
ated by classes of i-dimensional subvarieties. The cone of nef codimension -i 
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classes is defined as the positive dual of the i-dirnensional pseudoeffective 
cone: 

Nef (X) = (Effj(X)) v C (JV i (JC) R )* = N^X)*. 

More details on these and other notions of positivity can be found in [10, 14]. 

In general, little is known about positive cones of higher-codimensional 
cycles. Thanks to Theorem 1.2, however, some of these cones can be com¬ 
puted explicitly on Bott-Samelson varieties. In this section, we will illustrate 
such an application by studying a particular example. As in Example 4.5, 
let G = Spi, with short root a and long root (3. Let X = X(a, /3,a, /3); the 
word is reduced, and the map ip: X —>• G/B is birational. 

We begin by computing Efi^X). Let Xi, X 2 , X 3 , X 4 be the standard B- 
invariant divisors. From the description of A as a tower of P 1 -bundles, one 
sees that the six surfaces Xjj = Xj n Xj (for i 7 ^ j) form a basis for N-^iX). 

Proposition 5.1. The cone Eff 2 (X) is simplicial, with six rays generated 
by 

Vi = X\2 , V2 = A13, V3 = X14, V4 = X23 - X\2 , 

^5 = A24, U6 = A34 — A23 — 2A13. 

Proof. To apply Theorem 1.2, we must compute Eff(Xj), for 1 < i < 4. 
The cases i = 1 and i = 4 correspond to reduced words, so effective divisors 
are easy to describe: the cones are spanned by X\j (2 < j < 4) and Xi4 
(1 < i < 3), respectively. We have X 2 = X(a, a, f3), and Theorem 1.1 says 

Eff(A 2 ) = (A, 2 , A 23 — X 12 , X 24 ). 

Similarly, A 3 = A(a, /?,/?), and we compute 

Eff(A 3 ) = (A 13 , A 23 , A 34 - X 23 - 2A 13 ). 

(In the latter case, the computation requires the observation that the Schu¬ 
bert variety X(s a ) is defined by a section of the line bundle C, 2 m a -vjpi re¬ 
stricted to X(s a sg).) The proposition follows. □ 

To find Nef 2 (X), we must compute the intersection form on N2(X) with 
respect to the basis v\, ... ,vq. This is straightforward, using the description 
of A*{ A) given by Demazure. 

Lemma 5.2 ([11, §4.2, Proposition 1]). Let a be an arbitrary word, and for 
1 < i < d, let Xi = [Xj] be the divisor class in A 1 (A(a)). The product in 
the Chow (or cohomology) ring is determined by 

XiXj = [Xij] ifi^T, 

j -1 

i= 1 

where the roots fa are defined by fa = s ai ■ ■ ■ s a . i _ 1 (ai). 
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We find that the intersection matrix is 

0 0 0 0 0 1 \ 

0 0 0 0 1 -1 

0001-21 
0 0 10-21’ 

0 1-2-2 4-2 

1-1 1 1-2 2 

and its inverse is 

/ 0 2 1 1 1 1 \ 

2 4 2 2 1 0 

i _ 12 0 10 0 

A 1 2 1 0 0 0 ' 

1 1 0 0 0 0 

\ 1 0 0 0 0 0 / 

Expressed in the v basis, the rays of the nef cone Nef 2 (A) are the columns of 
A~ 1 . Translating this into the Xij basis, we can state the result as follows: 

Proposition 5.3. The nef cone Nef 2 (X) is the simplicial cone whose rays 
are generated by 

~ X\2 + X \ 4 + X24 + X - 44 , 4Xi3 + 2Xi4 + 2^23 + X24 , 

2^13+^23, -Xl2 + 2X43 + Xl 4 , Xi 2 +Xi 3: X12] 

All nef classes are effective. 

Similar calculations show that Nef 2 (A) C Eff 2 (A) for all four-dimensional 
Bott-Samelson varieties corresponding to reduced words. In fact, these all 
have finitely many U-orbits (as can be seen from Proposition 6.1 below), so 
the argument of [14, Example 4.5] shows that all nef classes are effective. It 
would be interesting to know whether this remains true in higher dimensions. 

6. Dense H-orbits 

Although we now have a finite list of generators for Eff(A(a)), for any 
a, let us return to the principle sketched in the introduction and ask when 
A(a) has a dense H-orbit. There is a simple criterion. 

Let w = w(a), and choose a subword (a^, ..., a lf ) that is reduced for w, 
so w = Sjj • • • Si t and i = t(w). Let m = d — £; this is the dimension of the 
fiber (/9 _1 (u>). 

Proposition 6.1. Let X = A(a). Suppose the rn characters 

Oil) • • • ) — 1 5 

(^2i+l )•>•••■) (^12 — 1)> 

(7) $12 (^2+1) 5 * * * 5 ^2 (^23 —1) 5 

w(a il+ 1 ),.. .,w(a d ) 

are linearly independent in t*. Then X has a dense B-orbit. 
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The idea is to determine the weights of the T-action on the tangent space 
to a fixed point of The condition on characters ensures that ip~ l {w) 

is the closure of a T-orbit in X. 

Proof. From the proof of Lemma 3.1, we know that ip~ 1 X(w)° = X{w)° X 
Since X{w)° is isomorphic to U w , and B is isomorphic to B w x U w 
(as varieties), X has a dense B orbit if and only if has a dense 

B w -orbit. Of course, it will suffice to show that (p~ l {w ) has a dense T-orbit. 

Let e = (ei, with each e* being either e or s t in W. Abusing 

notation slightly, we also write e = [ei,..., e^] for the corresponding point 
of X. These 2 d points are exactly the T-hxed points of X (see, e.g., [32]). 
Using the description of X as an iterated P 1 -bundle, one can check that the 
tangent bundle is 

(8) TX = Oi(-ai) © 02(—CI 2 ) © • • • © C>d(—ad)i 

and that the multi-set of T-weights on the tangent space T e X is 
IL = {ei(-ai), eie 2 (-Q!2), • • •, d • • • e rf (-a d )}. 

The fixed points of ^^{w) are those e such that e\ ■ ■ ■ = w (taking the 

usual product, not the Demazure product). Take a reduced subsequence for 
w as above, and let e be the corresponding point of so e*. = s l;j , 

and all other e^’s are e. The T-weights on T w X(w)° are 

R + = {aq, sq (a i2 ),..., s h ■ • • (««)}, 

so the set of weights on T^~ l {w) is the (multi-set) complement IU \ ( R + n 
w(R ~)); these are the negatives of the characters listed in (7). In general, a 
nonsingular variety X has a dense torus orbit if and only if at some (equiv¬ 
alently, any) fixed point x, the weights on T x X are linearly independent, so 
the proposition is proved. □ 

Example 6.2. Continuing the notation for type C 2 from Example 4.5, the 
criterion shows that X(a, (3, a, (3, a, (3) has a dense T-orbit. In the theo¬ 
rem, take the reduced subword ( 03 ,..., a§)] the two characters a\ = a and 
CX 2 = P are certainly linearly independent. In fact, w = w 0 in this case, and 
the fiber can be identified with the blowup of A(s Q ,s / 3 ) (which is 

isomorphic to the Hirzebruch surface F 2 ) at a torus-fixed point. The com¬ 
plement of the dense T-orbit is the union of the divisors A* (1 < i < 6 ) 
together with E 5 and Eg. 

It seems reasonable to conjecture that the converse to Proposition 6.1 
holds. This would be immediate if U w acts trivially on but I do not 

know if this is true. 

Remark 6.3. One may wonder whether a solvable group larger than T acts 
on X = X(a), as happens, for instance, when all a t are the same, so that 
X = (P 1 )^. From the definition, it is evident that P ai acts on X, but in 
fact, usually Aut°(A) is not too much larger. 
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The situation can be described more precisely, as follows. Let us as¬ 
sume G is finite-dimensional, simple, and adjoint, and write Pi = P Qi ■ 
The homomorphism Pic°((G/B) rf+1 ) —> Pic°(A) induced by the embed¬ 
ding (6) is surjective, and since Pic°(A) is trivial, Aut°(X) is affine. Since 
a sufficiently divisible power of an ample line bundle can be linearized for 
Aut°(X) (by [31, 24]), it follows that Aut°(X) embeds in Aut°((G/i?) d+1 ), 
and the latter may be identified with G d+1 (see [12]). Furthermore, writing 
r C Aut°((Cr/-B) d+1 ) for the subgroup of automorphisms preserving X, the 
homomorphism T —>■ Aut°(A) is surjective. This group T can be bounded, 
using the following proposition. 

Proposition 6.4. For 1 < i < d, let X(i) = X(a.\,..., af), and let T(z) be 
the subgroup of Aut°((G/ B) l+1 ) = G l+1 preserving X(i). If P\ ■ ■ ■ P, = G, 
then r(i + 1) = T(i). 

Proof. The groups T(i + 1) can be described inductively as 


r (i+!) = { (go, gi,.. .,g i+ i) 


(go, ■ ■ ■ ,9i) e r(i), g^g,, e Q xP i+1 x 1 


xePi-’-Pi 


Indeed, 


X(i+ 1) = (P 1 /B)x g/P2 (P 1 P 2 /B)x---x(P 1 ■ ■ ■ P i /B)x G/Pi+1 (P 1 ■ • -P i+ i/B), 
so the condition on r(f + 1 ) is that 

gi ■ xPi + ix~ 1 gf 1 = gi+ixxi+iPi+ixf^x^gf^ 

= g i+l xP i+l x~ l g~^, 

that is, gf\ g t normalizes xPi + \x~ x for all x € P\ - ■ ■ Pi, or equivalently, 
gf+\9i lies in xPi + \x~ l for all such x. Since G is simple and P\ ■ ■ ■ Pi = G, 
this intersection on the RHS is the trivial group, so that </;+! = gi. □ 


In particular, if a is a sufficiently long (non-reduced) word, then no group 
acts on X(a) with a dense orbit. 


7. Intersections of Schubert varieties 

The hypothesis of Proposition 6.1 says that the action of T makes <£> - 1 (w;) 
a toric variety with respect to some quotient of T. For a special class of Bott- 
Samelson varieties, we will see an equivalent alternative that can be checked 
directly on the flag variety G/B. 

Given u, v in W, let w = u*v be their Demazure product. We will consider 
the intersection X(u ) fl u; • X(v ) of translated Schubert varieties in G/B. In 
the finite-dimensional case, if w = w Q this is the Richardson variety Xff oV , 
i.e., the intersection of X(u ) with the opposite Schubert variety Y(w 0 v) = 
B~w 0 vB / B. (Conversely, X(u ) n Y(w 0 v) is empty unless upv = w Q .) In 
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the infinite-dimensional case, however, Richardson varieties usually cannot 
be written as intersections of translated Schubert varieties in this way . 2 

Suppose a = (or,..., a *,) is a reduced word for u and /3 = (/3i, ..., j3() is 
a reduced word for v. Write /3 _1 = (/3^,... , fii), so this is a reduced word 
for u _1 . 

Proposition 7.1. Let f : p~ l {w) —> G/B be the morphism given by restrict¬ 
ing (fk- Then f is birational onto its image, which is X(u) D w ■ X(y), so f 
is a desingularization of this intersection of translated Schubert varieties. 

For the case w = w 0 - that is, when X(u)r\w-X(v) is a Richardson variety— 
a similar construction was given by Balan [2], and the geometry of the fiber 
P~ l {wo) was studied by Escobar [13]. 

Proof. It will be convenient to adopt a more symmetric point of view. For 
any sequence of simple roots 7 , write 

£(7) = G/B x G /p 7i • • • XG/P Jd G/B, 

and let pr 0 ,..., pr rf be the projections onto the d+ 1 factors of G/B. Thus 
A (7) = prg 1 (e), and the maps ifi are the restrictions of pr^. For any z € W, 
let us write zX( 7 ) = pr^ 1 (z). The projection pr d maps zX( 7 ) to z-X(w( 7 )), 
a translated Schubert variety in G/B. 

Observe that X(a, /3” 1 ) = -T(a)x G/ /p.r(/3~ 1 ), and we can identify pr 0 - 1 (e)n 
P r k+e( w ) X(a) Xq/ b wX(/3). (One must pay attention to how 
and wX(/3) map to G/B in the fiber products.) Via the restriction of pr fc , 
the open subset X(a)° x G /p wX(/3)° maps isomorphically to the dense 
open subset X(u)° 0 w ■ X(v)°. On the other hand, we can also identify 
prg 1 (e) O prT^(iu) with (^^{w) C X(a, ft -1 ), which is smooth and irre¬ 
ducible by Lemma 3.1. □ 

Combining this with the criterion for dense R-orbits (Proposition 6.1), 
we obtain the following. 

Corollary 7.2. The Bott-Samelson variety X = X(a, fd^ 1 ) has a dense 
B-orbit if X(u) Hw ■ X(v) is a torus orbit closure in G/B. 

Appendix A. Bott-Samelson varieties are log Fano 

Let X = X(a) be the Bott-Samelson variety corresponding to an arbitrary 
sequence of simple roots a = (aq,..., a c j). Define roots 71 , • • •, 7 d by 

Ti = 'Srf'Srf —1 ' ' ‘ 1 

and write r t = (p, 7 /), where p is the sum of the fundamental weights. If 
the word a is reduced, then all the roots 7 , are positive and 77 > 1 for each 

2 Ed Richmond has pointed out that in affine type Ai, given elements x,y £ W, one 
can find u, v G W such that Xlj. = X(u ) flw • X(v) if and only if dimXjf = £(x) — £{y) = 1. 
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i, but in general the rfs may be negative. The anticanonical divisor has a 
well-known expression, as 

-Kx = 

i 

(see, e.g., [29, Proof of Proposition 10]). 

A pair ( Y,D ) of a normal irreducible variety and an effective Q-divisor is 
Kawamata log terminal (kit) if AY + D is Q-Cartier, and for all proper 
birational maps n: Y' —> Y, the pullback ir* (Ky + D) = Ky + D' has 7r*AY' 
and \D 'J < 0. The pair is log Fano if it is kit and — (AY + D ) is ample. 

If Y is already nonsingular and D has normal crossings, the pair (Y, D ) 
is log Fano if and only if [D J = 0 and — (Ky + D ) is ample. 

We will see that the pair ( X , A) is log Fano, for a suitably chosen divisor 
A = Yhi CiXi, independent of the characteristic of the ground field. First we 
need an easy lemma. 

Lemma A.l. There are positive integers a\,...,ad such that the divisor 
A = a* Xi is ample. 

Proof. This is almost obvious, but for concreteness here is a recipe for 
choosing the a t . Recall that A is ample iff O(A) = 0(n\,... ,nd) with 
all m > 0 [27]. We have n ( [ = ad, so this coefficient is positive. Sup¬ 
pose ad ,..., a*;+i > 0 but aj, < 0, and let A' = ]>T a' i X l be such that 
(D(A') = 0(n i,..., rik — aj~ + 1, n^+i, ■ ■ ■, nd). Since the change of basis be¬ 
tween the 0(l)-basis and the divisor basis is uni-triangular, we have a' k = 1 
and a' = a.; for k + 1 < i < d. Replace A with A' and continue induc¬ 
tively. □ 

Given an ample divisor A = JT Xi as in the lemma, choose a positive 
integer M greater than all a*, and let e* = 1 — ai/M. 

Theorem A.2. The pair (A, A) is log Fano, where A = Yli e iXi- 

Proof. From the definition, it is clear that [AJ = 0, so we must check that 
— Kx — A is ample. This is equal to 

y]( r i + e i)Xi = R + 

i 

where R is the divisor associated to Od(—p), and A is the ample divisor of 
the lemma. Since R is pulled back from an ample divisor on G/B, it is nef; 
therefore R + (1/M )A is ample. □ 

Remark A.3. The theorem is an instance of the general fact that when Y is 
a smooth variety such that —Ky = N+E, with N nef and E = E\+- ■ ■ + E r 
a simple normal crossings divisor supporting an ample divisor, one can find 
a Q-divisor D supported on E such that (Y. D ) is log Fano. As with the 
analogous fact about Schubert varieties [1], our point here is to make this 
choice of D explicit. 
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